We investigate theoretical properties of beams of light with non-uniform polarization patterns. Specifically, we determine all possible configurations of cylindrically polarized modes (CPMs) of the electromagnetic field, calculate their total angular momentum and highlight the subtleties of their structure. Furthermore, a hybrid spatio-polarization description for such modes is introduced and developed. In particular, two independent Poincaré spheres have been introduced to represent simultaneously the polarization and spatial degree of freedom of CPMs. Possible mode-to-mode transformations accomplishable with the help of conventional polarization and spatial phase retarders are shown within this representation. Moreover, the importance of these CPMs in the quantum optics domain due to their classical features is highlighted. 
Introduction
States of light with spatially inhomogeneous polarization structure, such as the radially or azimuthally polarized vector beams [1, 2, 3] , have lately attracted major attention both in the theoretical and experimental area of research in optics [4] . As devices for their generation have become commercially available, their application in optical science and engineering are widespread -ranging from classical to quantum optics experiments. In classical optics, when strongly focussed, these complex field distributions exhibit spatially separated longitudinal and transversal electric and magnetic field components depending on the initial state of polarization [5, 6] . This means, these vector beams can be sharply focussed in the center of the optical axis and therefore find applications in lithography, confocal microscopy [7] , optical trapping and tweezing [8] as well as material processing [9] . Moreover, one can gain detailed insight into nanoscale physics due to the intrinsic strong polarization dependence of these beams [10] . In the quantum regime, specially designed spatio-polarization modes can increase the coupling to single ions [8] . Additionally, the related orbital angular momentum states help to investigate entanglement [11] . Very recently it has been shown that by quadrature squeezing an azimuthally polarized optical beam, one can generate quantum states exhibiting hybrid entanglement between the spatial and the polarization degrees of freedom [12, 13] .
In this work we aim at establishing a proper theoretical framework for the classical optics description of cylindrically polarized modes (CPMs) of the electro-magnetic field. We cover the subtleties in terms of their description, highlight their symmetry properties and determine their total angular momentum. Finally, we show a suitable way of constructing a reasonable tool of displaying these modes on a defined pair of Poincaré spheres. In particular, in Sec. 1, we illustrate the rotation principles underlying the intrinsic cylindrical polarization of the investigated beams. We introduce all possible configurations of these modes and calculate the Schmidt rank, as this is a convincing way to determine the potential inseparability of these modes. We complete the theoretical investigation by deducing the total angular momentum of these CPMs in Sec. 3. In Sec. 4, we introduce our Poincaré sphere representation for the hybrid polarization/spatial degrees of freedom characterizing CPMs. In Sec. 5, we discuss the manipulations of these states of light on these hybrid Poincaré spheres with the help of conventional phase retarders. Furthermore, in Sec. 6, we extend our formalism to the quantum domain and illustrate the importance of these modes in quantum experiments. Finally, in the Appendix, we furnish the reader with the mathematical tools which are essential to fully cover the topics of the main text.
Classical description of light beams with cylindrical polarization

Introduction to rotation principles
To mathematically introduce the radially and azimuthally polarized vector fields, let us consider a well collimated, monochromatic light beam with the wavelength λ = 2π/k propagating along the z-axis. The corresponding electric field can be written as
where χ = k(ct − z) − π/2 [14] and r = xx + yŷ + zẑ. Furthermore, u(r) is a paraxial mode function of the form
The unit vectorsx andŷ indicate the polarization in the x and y directions and f 1 (r) and f 2 (r) are two independent solutions of the paraxial wave equation:
In our investigation we are not interested in the beam propagation, and therefore we shall consider the longitudinal coordinate z as fixed to a value which will be omitted in subsequent formulas. Therefore, we define the transverse position vector x as:
Given a global Cartesian reference frame {x,ŷ} on the xy-plane, it is always possible to define a local (depending on the position vector x) polar reference frame {r(θ ),θ θ θ (θ )} with x = r cos θ , y = r sin θ , where r ∈ [0, ∞[ and θ ∈ [0, 2π[. The two coordinate systems are related through the following relation:
Since, by definition, in the {x,ŷ} basis one haŝ
then from Eq. (5) it follows that
where R(θ ) denotes the 2 × 2 rotation matrix which, in the {x,ŷ} basis, can be written as:
Since rotation operations are additive and commute in two-dimensional spaces, from Eq. (7) it can be deduced that for any ϕ ∈ R the following holds:
These equations shows thatr(θ ) andθ θ θ (θ ) co-rotate with respect to the applied "external" rotation R(ϕ). More generally, it is not difficult to prove that Eqs. (7) may be extended to two sets of pairs of co-and counter-rotating unit vectors {r + (θ ),θ θ θ + (θ )} and {r − (θ ),θ θ θ − (θ )}, respectively, defined asr
where now
The two sets of pairs of unit vectors are illustrated in Fig. 1 . From these equations it is clear that any either co-rotating u + (r, θ ) or counter-rotating u − (r, θ ) vector field may be written as:
where a(r) and b(r) are arbitrary functions independent of θ but, although omitted, still dependent of z. By definition, such fields satisfy the following condition:
where with R(ϕ)u ± (r, θ ) we had indicated the ordinary matrix-times-vector product, namely:
Eq. (14) has some interesting consequences: First, we note that, since x = r cos θ and y = r sin θ , we can rewrite x = x(r, θ ) and y = y(r, θ ), having assumed r, θ as independent variables. Then, by definition,
and
These two equations can be rewritten in compact vector notation as:
Now, since the argument of the functions u ± (r, θ ) = u ± (x) on the left side of Eq. (14) is exactly x(r, θ ± ϕ), we can use the result above to rewrite Eq. (14) as: or, equivalently,
At this point, one should remember that any 2-dimensional vector field V(x, y) transforms under a global counterclockwise active rotation by an angle ϕ into the new field W(x, y) whose functional expression is determined according to the following rule:
Thus Eq. (20a) coincides exactly with the definition of a vector field which is invariant with respect to a global rotation by an angle ϕ. This means that co-rotating beams have a polarization pattern invariant with respect to global rotations. This result is intuitively obvious for radial and azimuthally polarized beams. Conversely, the corresponding Eq. (20b) for the counter-rotating beams has a less straightforward geometric interpretation. For this case, one can show that Eq. (20b) can be recast in the form of a global rotation as:
This equation simply shows that a global rotation by an angle ϕ upon the counter-rotating modes is equivalent to a local rotation by an angle 2ϕ on the same mode.
Deduction of cylindrically polarized modes
As we are now knowledgeable about all rotation properties which the cylindrically polarized optical beams have to obey to, we want to explicitly derive all possible cylindrical configurations of these mode functions which fulfill Eq. (14) taken with the "+" sign. However, it will be eventually shown that these coincide with the well-known radially and azimuthally polarized beams.
After inverting Eq. (5) and inserting the result into Eq. (2), we obtain as a paraxial mode function u(r, θ ) =r
By comparing Eq. (23) with Eq. (13), one obtains at once:
Since x = r cos θ and y = r sin θ , Eqs. (24a) and (24b) can be rewritten as:
where α(r) and β (r) can be determined by keeping in mind that f 1 and f 2 need to satisfy the paraxial equation (3). In particular, we want to express the functions f 1 (r) and f 2 (r) in terms of the first-order Hermite-Gauss [15] solutions of the paraxial wave equation which can beapart from an irrelevant normalization factor 8/π -written at z = 0, as
where w 0 is the beam waist. Thus, from Eqs. (25a) and (25b) and the fact that x ∝ ψ 10 and y ∝ ψ 01 , it follows that:
where A, B are arbitrary numerical constants. In general, with ψ nm = ψ nm (x, y, z) (n, m ∈ N 0 ) we denote the Hermite-Gauss solutions of the paraxial wave equation of the order N = n + m [15] . Consequently, all possible solutions which fulfill the global law of Eq. (14) with the "+" sign, obviously have the form of:
By choosing either {A = 1, B = 0} or {A = 0, B = 1} and inserting this in Eq. (28), one obtains after normalization:û
The same steps that lead us to Eqs. (29a) and (29b) could be repeated for the counter-rotating modes. However, it is more instructive to note that, from a visual inspection, one can immediately deduce thatû
A live in a four dimensional space spanned by the basis formed by the Cartesian product of the {ψ 10 , ψ 01 } mode bases and the polarization vectors {x,ŷ}:
However, the two vectors {u
A } only form a two dimensional basis and consequently two more vectors have to be added to span the whole space. By applying a unitary transformation to such a basis, we can obtain a new set of basis vectors, namely {u − R , u − A }, where:
The vectors {û
A }, whose intensity and polarization profiles are illustrated in Fig. 2 , form a complete four-dimensional basis, orthonormal with respect to the scalar product defined as:
where u(x) and v(x) are two arbitrary vector functions. It should be stressed that the basis vectorsû
A do fulfill the rotation law of Eq. (14), but with the "−" sign:
Furthermore, Eqs. (14) and (33) imply that these two sets of modes do not mix under rotation. This is interesting, as many recent experiments show [6, 12] that co-and counter-rotating modes do not occur simultaneously.
Schmidt rank of radially and azimuthally polarized modes
Another important property of CPMs can be characterized by the so-called Schmidt rank of the modes. The Schmidt rank [16] is an intriguing quantity as it provides information about potential inseparability of these modes. In the following, we demonstrate how to determine this rank for the radially and azimuthally polarized optical beams. This can be similarly calculated for the counter-rotating modes. If one has a look at the structure of these basis vectors, one can easily see that they are clearly non-separable, in the sense that it is not possible to write any of these vector functions as the product of a uniformly polarized vector field times a scalar function. Such a "degree of non-separability" may be quantified by the Schmidt-rank of the function, remembering that all separable functions have a Schmidt rank of 1. Conversely, we are now going to prove thatû
A admit a Schmidt decomposition with rank 2: Letê 1 andê 2 be two orthogonal unit vectors defined asê 1 =x andê 2 =ŷ, with
and let v 1 and v 2 be two orthogonal functions defined as
where, because of the orthogonality of the Hermite-Gauss modes, one has:
Then we can immediately write down, for example for theû + R mode:
(a) 
For the functionû + A the same demonstration holds but with v 1 and v 2 defined as
This completes the proof. More generally, the substitution of Eq. (29a) or (29b) respectively into Eq. (14) giveŝ
where we have chosen |A| 2 + |B| 2 = 1 to guarantee normalization: (û AB ,û AB ) = 1. From Eq. (36) it follows thatû + AB has Schmidt rank 2 whenever
namely when Im(AB * ) = 0. Conversely,û + AB becomes separable when f 2 = Cf 1 , namely when −B = CA, A = CB, where C is a proportionality constant. The substitution of the latter equation in the previous one furnishes −B = C 2 B which implies C = ±i, namely A = ±iB. In this case it is easy to see that Eq. (36) reduces tô
which means that the only separable cylindrically symmetric co-rotating modes are the circularly polarized Laguerre-Gauss modes with one unit (|ℓ| = 1) of orbital angular momentum:
It should be noticed that it is only thanks to the opposite double sign in the last two terms of Eq. (40) that condition (14) is satisfied.
Angular momentum of cylindrically polarized optical beams
To complete our discussion about the properties of the "+" and "−" vector bases, we note that all four vector functions {u
A } have the total (orbital plus spin) angular momentum (TAM) of zero which is deduced below. Following Berry [17] , we can write the "local" (position-dependent) density of the linear momentum carried by the paraxial mode u of the electromagnetic field as:
where ∇ ⊥ =x∂ x +ŷ∂ y and u
ε 0 /(2ω) has been omitted. The symbol "×" denotes the ordinary cross product in R 3 . In Eq. (41), the first term p orb (r) is called the orbital Poynting current and is independent of the polarization state of the beam. Conversely the second term, the so-called spin Poynting current p sp (r), contains the local "density of spin" of the beam via the term Im (u * × u) [17] . An explicit calculation from Eq. (41) furnishes:
where k indicates the wave vector k = ω/c. The power of a light beam as actually measured by a photo-detector in the laboratory equals the flow of the Poynting vector of the beam across the detector surface. Since the electromagnetic linear momentum density p is equal to 1/c 2 times the Poynting vector, it follows that a quantity experimentally observable is P ·ẑ, where
is the linear momentum of the field per unit length. Without loss of generality, we have assumed that the detector surface coincides with the xy-plane normal to the beam propagation axisẑ. The double integration in Eq. (43) is extended to the whole xy-plane. This means that for any pair of functions f 1 and f 2 , normalizable in the xy-plane, which drop to zero at infinity, the "spin" surface terms ∂ y ( f * 1 f 2 ) and ∂ x ( f * 1 f 2 ) on the right sides of Eq. (42a) and Eq. (42b) respectively, do not contribute to the measured momentum. In other words one has P sp = 0. It is worth noting that although f 1 and f 2 are both functions of r, as opposed to x we can practically evaluate Eq. (43) at z = 0 because the quantity P is independent of z [18] .
The total angular momentum density is
where the orbital angular momentum density is
l z (r) = Im [x( f and the spin angular momentum density is
We proceed as in the linear momentum case and we write the angular momentum of the field per unit length as
were, similarly to P, also L and S are independent of z [18] . Again, for any pair of functions f 1 (r) and f 2 (r) that vanish sufficiently fast for |xy| → ∞, integration by parts leads to S x = 0 = S y , and to
From this relation it follows straightforwardly that
Eq. (49) clearly reproduces the well-know expression of the helicity S z = i(αβ * − α * β )/k of a uniformly-polarized beam when one chooses f 1 = αψ(r) and f 2 = β ψ(r), where ψ(r) is a normalizable function in the xy-plane and α, β a pair of complex number such that |α| 2 +|β | 2 = 1.
At this point, we can easily evaluate J for the set of our four cylindrically polarized modes without performing any actual calculations. In fact, since J is independent of z, we can evaluate it at z = 0 where both ψ 10 (x, y, z = 0) and ψ 01 (x, y, z = 0) are real-valued functions. Then from Eqs. (45-46) it follows at once that S = 0 and that
However, it is easy to see from Eqs. (26a) and (26b) that by definition |ψ 10 (x, y, 0)| 2 and |ψ 01 (x, y, 0)| 2 are even functions with respect to both x and y coordinates. This automatically implies, because of symmetry, that
We have thus demonstrated that the TAM of our modes is strictly zero. Alternatively, the same result could have been found in a more intuitive but less formal way by writing the modes {u Fig. 3 . Poincaré sphere representation for an arbitrary two-dimensional system. Here, the radius r of the sphere is fixed to one, and spherical angles {ϑ , φ } are related to the Stokes parameters via the relation: {cos ϑ , sin ϑ cos φ , sin ϑ sin φ } = {S 1 /S 0 , S 2 /S 0 , S 3 /S 0 }, where S 0 denotes the total intensity of the beam.
Hybrid Poincaré sphere representation
In general, fully polarized optical beams, similarly to quantum pure states of two-level systems [19] , can be described by points on a sphere of unit radius [20] , the so-called polarization Poincaré sphere [PPS, Fig. 4 (b) ]. The North and South Poles of this sphere represent left-and right-handed polarization states that correspond to ±1 spin angular momentum eigenstates, respectively. Similarly, the spatial-mode Poincaré sphere [SMPS, Fig. 4 (a) ] [15] sticks to the same superposition principle but in terms of the spatial distribution of the optical beams. In this case, the North and the South Pole of the sphere represent optical beams in the LaguerreGaussian modes φ LG ±1,0 , which correspond to ±1 orbital angular momentum eigenstates [21] respectively. Each point on the Poincaré sphere, both on the polarization and the spatial-mode one, may be put in one-to-one correspondence with a unit three-dimensional real vector S = {S 1 /S 0 , S 2 /S 0 , S 3 /S 0 }, where S 2 0 = S 2 1 + S 2 2 + S 2 3 , as shown in Fig. 3 . The three components S i , i ∈ {1, 2, 3} are known as the Stokes parameters [20] and S 0 denotes the total intensity of the beam. In this section, we present a novel representation for cylindrically polarized optical beams based on the simultaneous use of both the PPS and the SMPS representation. We show that it is possible, under certain assumptions, to connect the two polarization and spatial representations to obtain two hybrid Poincaré spheres (HPSs) that embody all characteristics of these complex modes of the electromagnetic field. Up to now, only uniform polarization patterns could have been displayed as points on the PPS. However, with this new representation, nonuniform polarization patterns are represented for the first time. This is especially helpful -let it be in theoretical considerations or in experiments -if one investigates effects deriving from these spatially dependent, complex polarization patterns. Furthermore, manipulations of states within this representation in accordance with the conventional tools such as the PPS and SMPS can be carried out. This is investigated in Sec. 5.
In principle, the two-dimensional polarization and spatial spaces, respectively spanned by the bases {x,ŷ} and {ψ 10 , ψ 01 }, may be combined in several different manners to produce a four-dimensional mixed polarization-spatial mode space. A complete representation of such a space would require the simultaneous display of eight real numbers which is impossible in a three dimensional space. Consequently, our aim is to find an appropriate way for describing this space by using conventional tools, such as the PPS or the SMPS respectively. We begin by noticing that if we are permitted to discard some information, then a lower-dimension visual representation may be possible. The characteristics of this picture would then be fixed by the kind of degree of freedom (DOF) we choose to represent. Driven by certain recent experimental results [12] , here we look for a hybrid representation, which would be suitable to describe physical situations where co-and counter-rotating modes do not mix with each other. This absence of mixing occurs, for example, when the light propagates through cylindrically symmetric optical systems as fibres, non-astigmatic lenses, et cetera. In this case, the disregarded information would amount to the relative phase and amplitude between the sets of co-and counterrotating modes. The representation deriving from these constraints is illustrated in Fig. 4 . The North and South Pole of sphere (c) represent radially and azimuthally polarized states whose total angular momentum (orbital plus spin) is equal to zero. Analogously, sphere (d) represent counter-radial and counter-azimuthal states, still with total zero angular momentum. Each of these two pairs of states represent a novel kind of hybrid DOF of the electromagnetic field, since such states describe neither purely polarized nor purely spatial modes of the field.
Mathematically, the combination of the SMPS and the PPS is realized by forming the four dimensional basis given by the Cartesian product of the the spatial mode {ψ 10 , ψ 01 } and polarization {x,ŷ} bases:
To span this four dimensional space, we choose the basis {û
As it was shown above, these two sets of vector functions, namely the "+" and "−" ones, do not mix under rotation and, moreover, obey the two fundamental rotation laws in Eqs. (14) and (33). Such a physical constraint may be mathematically implemented by a superselection rule [16] which forbids interference between states separated according to the law in Eq. (14) . Therefore, we use this law to split the four dimensional space {ψ 10x , ψ 10ŷ , ψ 01x , ψ 01ŷ } into the Cartesian sum of two subspaces spanned by the "+" and "−" sets of modes:
This shows, that depending upon their behavior under rotation, cylindrically polarized optical beams may be subdivided in two independent sets which can be represented by points on the surface of two distinct hybrid Poincaré spheres, as illustrated in Fig. 4 . It is worth to stress once again that a beam represented by an arbitrary superposition of either the standard basis vectors {ψ 10x , ψ 10ŷ , ψ 01x , ψ 01ŷ } or the cylindrical basis vectors {u
A } needs four complex numbers to be described completely. This amounts to eight real numbers which can be reduced to seven because of normalization. However, our superselection rule defined above reduces the number of real parameters necessary to describe cylindrically polarized beams further to 3 ⊕ 3, thus permitting the introduction of a "two-Poincaré Cartesian sphere" representation. Besides evident visualization properties, our representation permits to describe straight forwardly cylindrically polarized states of light, in terms of hybrid Stokes parameters, as opposed to the either polarization or spatial Stokes parameters. These hybrid Stokes parameters convey information about both polarization and spatial-mode degrees of freedom simultaneously. They are naturally defined as:
where the symbol * denotes the complex conjugation. f 
These amplitudes can be expressed in terms of the spherical coordinates on the two independent hybrid Poincaré spheres (HPSs) as
The first sphere of the HPSs represents the "+" modes [ Fig. 5 (a) ] and the second the "−" [ Fig. 5 (b) ] modes. It is possible to show that these Stokes parameters can be actually measured by means of conventional optical elements. This characteristic is particularly relevant for the possible quantum applications of our formalism, where simultaneous measurability of Stokes parameters describing spatially separated optical beams, is crucial [22] . Concerning the structure of the HPSs, an interesting feature is that every point on the meridian between the North and the South Pole (θ ± ∈ [0, π], φ ± = 0) describes a locally linear polarization state as illustrated in both Figs. 5 (a) and (b). Except for these points and the two ones on the S 3 axis (θ = 
Manipulating states on the HPSs
As in terms of the conventional PPS and SMPS representation, conversions of states by means of polarization and spatial phase retarders such as waveplates or cylindrical lenses, respectively, are possible. In general, waveplates only act on the polarization part of the vector beam and cylindrical lenses on the spatial mode part, as it was shown in [21] . In terms of the PPS, two independently adjustable quaterwaveplates (QWPs) and one halfwaveplate (HWP) are sufficient to control polarization [20] , so reaching every point on this sphere is possible. In analogy to this, manipulating states on the SMPS is possible, as well. However, one cannot use waveplates but instead cylindrical lenses [15] to control the spatial mode. Displaying the information from both the PPS and the SMPS simultaneously with the new representation, combinations of both waveplates and cylindrical lenses are necessary. The process of converting a state on the HPSs to a different one -for instance, going from S ± 1 via S ± 2 , −S ± 1 and −S ± 2 back to S ± 1 -can be achieved by applying two halfwaveplates and rotating one of these as illustrated in Fig. 6 . The fixed HWP induces a local flip of the vectors in the polarization pattern and the other one rotates continuously these vectors. However, due to the special cylindrical symmetry of our states, no "arbitrary-to-arbitrary" [23] transformations with the help of waveplates or cylindrical lenses are permitted. Therefore, only a few transformations can be accomplished without altering the symmetry of the state. These are listed below:
{θ , φ } →{θ
where θ ∈ [0, π] and φ refers to the angles parametrizing a sphere, as shown in Fig. 7 . These constraints are due to the fact that phase retarders imprint a spatially uniform phase shift onto the cross section of the beam, which is not, per definition, cylindrically invariant. These constraints are explicitly deduced in Appendix. To complete the discussion about possible manipulations, we notice that the two sets {u which is illustrated in Fig. 8 . This can be practically performed by a halfwaveplate [23] . So, jumps between the "+" and the "−" spheres can be carried out easily and they considerably enlarge the number of possible transformation.
